HHTerpa6jie hhhthcUt 6oyH^apbi Bajiye npo6jieMC 



H.T.Xa6H6yjiJiHH (Ycpa HHCTHTyTe ocp MaTxeMaTHnc) 



O 

o. .. . , ( 

I^OHCHflep Txe HBB npoGjieM ocp Txe reHepaji cpopM (pop Txe HJ1C enyaTHOH 



iqt = q X x + c\q\ 2 q, x>0,t>0, (1) 
aiq x + a 2 q\ x=0 = f{t), (2) 
q\t=o = qo(x) J qo(x)\ x -+ +00 -> 0, (3) 

luxhh m;ac CTyflnefl 6m MaHbi ayTxopc. Txe ycyaji ci^aTTepimr MaTpiiiii s(A,t) 
ocp Txe n;oppecnoHflHHr ^Hparj; onepaTop oh Txe xajicp-jiime x > fleneH^c oh 

> : 

. £ hh a Bepbi HMnjiHHHT Ej;abi. HaMejibi, ht caTHCCpnec Txe cpojijionrHHr MaTpnin 



d 



O ; enyaTHOH 

O : St = 2i\ 2 [s, a 3 ] + Z(g(0, t),q x (0, t), X)s. (4) 

O 

• I— I 
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EnyaTHOH HOHTanHC yHKHOEJ^HC s, g aH,n; ^a;. Xodj; to CTy^bi cyn khh,ii; ocp 
enyaTHOHC ? At Txe cpnpcT rjiaHn;e ht i^ohtehhc aH eniTpa yHKHonrH aH^ ht hc 
yH^ep-fleTepMHHefl. ByT coMe hmiuihitht penynpeMeHT nioyjifl 6e BajiHfl : s(X, t) 
npecepBec he; aHajibiTHijaji nponepTnec oh Txe ynnep aH^ jioinep xajicp njiaHec 
ImX > aH,zi; ImX < 0. Co peajuibi Txe enyaTHOH hc rjppperrrjibi ^ecpHHefl. 

^HCpcpepeHT annpoanec to CTyflbi Txe enyaTHOH (f|) ape flHCiryccefl hh Txe 
jiHTepaType, (pop HHCTaHrj;e, pen;eHTjibi m;epe nponoce,zi; Txe rjioGaji pejiaTHOH 
MeTxo,n; (OoKac) aH^ Txe ejiHMHHaTHOH 6m pecTpnirriioH MeTxofl (^eracnepnc, 
MaHaKOB, CaHTHHn). Txe cpojijionxiiHr pecyjiT ajijiom;c to yHflepcTaHfl Txe ecceHue 
ocp Txe npoGjieM ([I]), (|2j), (g). 

TxeopeM, [[IJ. Txe eHTpnec a, (3 ocp Txe cnaTTepHHr MaTpnin s(A,t) caTnc- 
cpbi Txe cpojijioinHHr cbiCTeM ocp enyaTHOHC 

/no /7 /f' 

— — — -F 1 (a(fc , } t), *), fit)) (5) 
-oo /c' — k — iu 
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/oo d J? 

-oo k'-k- lO F2(a{k/ > t] > ^ t] > /W) (6) 

IeHepajuibi txhc CbiCTeM ocp enyaTHOHC ihhtx Txe BapnaGjie ijoecpcpHHHeHii; 
hc HOHjiHHeap (Fi, F2 - ape ceHpH,zi; ^erpee nojibiHOMnajic) , ht hc HHTerpaGjie 
ohjibi H(p f{t) = 0. Txyc, Txe HBB npoGjieM hc enyHBajieHT to Txe Haynbi npo6- 
jieM (pop a nceyflOflHCpcpepeHTHaji enyaTHOH ihhtx thio HHfleneH^eHT BapnaGjiec 
(reHepajuibi HOHHHTerpa6jie) . HHTerpaGnjiHTbi hc jioct mxeH f(t) 7^ 0. Ohjim 
hh Txe xoMoreHeoyc iiace Txe ffMC enyaTHOH hc HHTerpaGjie (ht GenpMec jihh- 
eap). Txe HBB npoGjieM (pop f{t) = hc CTyzrnefl hh ^eTanjic (M.A6jioihht3, 
X.Ceryp 1975 mxeH a\ = op = aim P.BnKGaeB, B.TapacoB, H.XaGnGyjuiHH 
1990-91 Hep a\(i2 7^ 0). Ht a^MHu; cojihtoh cojiyTHOHC. Txe acbiMnTOTHuc (pop 
Txe jiapre Bajiyec ocp thmc ape o6TaHHe,zi; (pop aH apGnTpapbi HHHTnaji Bajiye. 

Hep f(t) hc hot HfleHTHn;ajijibi 3epo TxeH ho xone to (pHHfl eHiarrr cojiyTHOHC 
to Txe HBB npoGjieM. OHe ocp Txe niabic xepe hc to HHTpoflyHe a CMajui napaM- 
eTep < e — > 0, H.e. penjiane f(t) 6bi ef(t) an^ to CTy^bi Txe HHCpjiyeHne ocp 
Txe 6oyH,n;apbi 6bi ycHHr Txe annponpnaTejibi fleBejione,!!; nepTypGaTHOH Txeopbi. 

To eiHTparrr HHTerpaGjie iiacec OHe iiaH annjibi Txe HHTerpaGnjiHTbi TecT to 
Txe CbiCTeM (pop Txe cuaTTepHHr MaTpnni jihkc ByT me ihhjiji tccth- 

(pbi Txe GoyH^apbi hoh,ii;hthoh ycHHr flHpeHTjibi Txe Jlarn nanp. Cynnoce Txe 
enyaTHOH 

<it = f(q,q x ,q xx ,-) (7) 

aflMHD, Txe Jlarn nanp ocp Txe cpopM 

i{j x = U(q,\)i/j, i/j t = V(q,q x ,...X)ij (8) 

JleT a GoyH^apbi i^oh^hthoh ocp Txe cpopM 

F(t,q,q x ,...) = (9) 

hc HMnocefl aT Txe iiohht x = 0. Cy6cTHTyTe Txe BIJ (|9j) hhto Txe ceu^on^ 
e^yaTHOH hh (g) : W([q],t, A) = V(q,q x , ...X)\F(t, q ,q x ,...)=o aH# 4>HHfl 

i; t = W([q],t,X)i; (10) 

ajiOHr Txe jihhc x = 

Txe BIJ (0) hc hohchctcht ihhtx Txe Jlarn nanp (|8]) Hep Txe jiHHeap enya- 
thoh ( PH ) aflMHE, aH a^HTHOHaji flHCn;peTe cbiMMeTpbi cyn TxaT Txepe eiHHCH, a 

2 



u = 



V 



MaTpnni Bajiyefl cpyHUTHOH H{[q],t, A) aH^ aH HHBOjiyTHOH h = h(X) cyn TxaT 
Txe TpaHC(J)opMaTHOH ip — ► i/j = uoHBepn, a cojiyTHOH ip ocp Txe e^yaTHOH 
([TU|) hhto a cojiyTHOH. Hh Tepivic ocp Txe noTeHTnajic txhc penynpeMeHT pea^c 
ac 

H t (X) = W(X)H(X) - H(X)W(h(X)) (11) 

EniaMnjie 1, cee [J2j]. IJoHciiflep Txe KopTemer-^e Bpnec enyaTHOH ut = 
u xxx — 6uu x . Txe HpecpcpHijHeHT MaTpnijec (pop Txe Jlani nanp ape flecpHHefl ac 

1 

u — X 

it^ — 4A — 2u 

u xx - (4A + 2u) (u - A) -w x 
Cynnoce Txe Bl\ HMnocefl aT x = hc ocp Txe cpopM 

u = Fi(u x , t), u xx = F 2 (u x , t). 

To jiook (pop Txe flHCu;peTe cbiMMeTpbi me MycT cojiBe Txe enyaTHOH 

dH _ ( F x -AX-2u 

~dF~ \F 2 - (4\ + 2u)(u- A) -Fi 

Fi -4h(X)-2u 
F 2 - (4/i(A) + 2u)(u - h{X)) -Fx 
Xepe yHKHom;HC Fx, F 2) H = H(u,u x ,u xx , ...), /i = /i(A) ape ymiHyejibi 
(poyH,n;. Txe aHcm;ep hc 

2A + a 

a - X + V3a 2 - 6 - 3A 2 



-if 



if = 



7/xX -A + V3a 2 -6-3A 2 
MA) = 5 • 

Txe BIJ hc ocp Txe cpopM 

^|x=0 = Wa;ar|a^0 = b, 

mxepe a an^ b ape ap6HTpapbi ijOHCTami;. 

EniaMnjie 2, 0. Txe Xappbi ^mm enyaTHOH Ut + v?u xxx = aflMHn; tiu;o 
KHHflc ocp BIJ : 
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h) u\ x=0 = 0, u x \ x= o = 6, 



H=l JL J I. MA) = A; 

2„ 



hh) m x |x=o = aw, w^l^o = a u/2 + b/u, 



H = 



X 







{X-h{X))a/2 h(X) J ' 
-6 - 2A + - 46A - 12A 2 



/i(A) = 

nrxepe a, 6 ape i^ohctcLhij. 

EinaMnjie 3, |3j]. Txe flncnpeTe XenceHGepr MO^eji 



(T m -1) " 

q - 9-1,0 

xac Txe cpojiJioiHHHr Jlain nanp 



(T n - r 



1 



q - 90,-1 



(12) 



L = 



/ A 



9-9-i,o 9-9-1,0 
1 \ 1 9 



9-9-i,o 



A + 



9-9-1,0 

990,-1 



V 



9- 90.-1 9 - 90,-1 

1 \ , 9 



A + 



9-90,-1 9-90,-1 

Hh txhc uace Txe flncupeTe HHBOJiyTHOH aim Txe nyTTHHr ocpcp hph^hthoh ape 
(poyH,zi; (ppoM Txe enyaTHOH 



H{m + 1, X)A{m, N, A) = A(m, N, h{X))H{m, A). 



Txe BIJ pea^c ac 



9m,0 



q ra ,i + (-l) m a 



(13) 



(14) 



c+(-l) m bq m y 

inxepe a, b, c ape apGnTpapu upHCTaHii; aH,n; a 2 + b 2 7^ 0. Txe MaTpnni H Taxec 
Txe (popM 

TT( \\ ( 1 (-l) m ac(2X+l) 

Him, A = 

^ (-l) m 6c(2A + l) 1 

aHfl Txe HHBOJiyTHOH hc h(X) = —A — 1. 

Xom, to yce Txe ,a,HCixpeTe CMMMeTpw hh Txe HCM 
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JleT yc flHCuycc xoih, to yce Txe ^HCirpeTe CbiMMeTpbi mxeH upHCTpyrrrHHr 
cojiyTHOHC ocp Txe r^oppecnoHflHHr HBB npoGjieMC. Taice Txe HBB npoGjieM 
cpop Txe K,zi;B enyaTHOH ihhtx BaHHinimr BIJ (cee, |4j]) 

Ut = u xxx — 6uu x , x > 0, t > 0, (15) 
u\ x =o = 0, u^l^o = 0, (16) 
u\ t =o = u (x) J u (x)\ x ^ +oo — > 0. (17) 

Hh txhc nace H hc Txe yHHTbi MaTpnni aH^ h(X) = A— ^4p^ = Xu. Airryajuibi, 
Txe flHcirpeTe CbiMMeTpbi pecpjieuii; ohjim Txe (parrr TxaT Txe GBOJiyTHOH ocp Txe 
cuarTepHHr MaTpnni 

s t = 4iX 3 [s, a 3 ] + ^(0, t)a lS (18) 

hc HHBapnaHT yH^ep Txe naHre A —> ujX. Txhc enyaTHOH hc peajuibi HOHjiHHeap 
6yT Txe flHCirpeTe CbiMMeTpbi ajuiomc OHe to jiHHeapH3e ht. IlyT z = A 3 aH^ 
flecpHHe Txe MaTpnnec 

c+(z,t) = (si(uX,t),s 2 {X,t)) 

C-(Z, t) = (TiC+(z, t)a\ 

Txece tiho MaTpnnec caTHCCpbi Txe PneMaHH npoGjieM 

c+(z,t) = c-(z,t)p(z,t), (19) 

mxepe p(z,t) = e~ Alz ' T3t p(z, 0)e AtZ(73t . Horn; ht hc eacbi to cee TxaT Txe cnaTTep- 
HHr MaTpHHi s(X,t) hc (poyH,zi; (ppoM Txe jiHHeap enyaTHOH flT9|) . YcHHr txhc 
cpairr OHe naH npoBe 

TxeopeM. JleT Txe HHHTnaji Bajiye caTHCCpbi Txe npH^HTHOHC 

1) u(x, 0) = Uq(x) hc cmootx aHfl BaHHHiec ; 

2) Txe acconnaTe,!]; CTypM-JlHoyBHjijie onepaTop xac ho ^HCirpeTe enreHBaji- 

yec, 

3) Txe cnaTTepHHr MaTpnui hc yHGoyH^efl aT A = 

TxeH Txe npoGjieM (|T5[) , (|T51), (|T7|) hc yHHnyejibi cojiBaGjie (pop ajui t > 0, Txe 
cpyHHTHOH u x (0,t) caTHCCpnec Txe cponjioinnHr penpeceHTaTHOH 

1 1 

U x (0,t) = h o(-), t — > OC 
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Hh txhc uace tiho ocp Txpee cpyHHTHOHC u(0,t), u x (0,t), u xx (0,t) ape 3epo 
aHfl Txe TXHpfl OHe cjiomjibi flen;abic. Ht hc hot eBep hh Li, ohjibi hh L^. 

YHCpopTyHaTejibi, Txepe hc ho peryjiap cojiHTOH-jiHKe cojiyTHOHC ocp Txe 
KflB enyaTHOH ihhtx Txe BaHHHiHHr GoyH^apbi hph,ii;hthohc. Hep Txe napaM- 
eTepc a aHfl b ape flHCpcpepeHT cppoM 3epo TxeH peryjiap eHiarrr cojihtoh- 
jiHKe cojiyTHOHC (ac mejui ac cpHHHTe-ran cojiyTHOHc) eniHCT annpoanHHr C = 
\Jo? — 6/3 aTi = oo aHfl caTHCCpbiHHr Txe BIJ aT x = 0. Txebi ape flecnpnGe,!]; 
hh Afljiep, Xa6n6yjuiHH, IIIa6aT 1997, TMO. Hh txhc nace THMe eBOjiyTHOH 
ocp Txe cuaTTepHHr MaTpnni hc pe^He^ to a PneMaHH npoGjieM oh a PneiviaHH 
cypepane ^ecpHHefl 6bi Txe cpyHHTHOH h(X) = ~ a +^ 3q 2 2 - & ~ 3A2 . 

^ncupeTe CMMMeTpw aH,a, BLJ hh MyjiTH^HMeHCHOHaji uace 

L^OHCHflep Txe mejui khoihh 2^-To^a nanH 

u x t {n) = exp{w (n — 1) — u (n)} — exp{w (n) — u (n + 1)}, (20) 

ihhtx Txe cpojiJioiHHHr Jlani nanp 

0(n + l) = (D x + u x (n))(f)(n), (21) 
<\>xt (n) = -Wx (n) 0* (n) - exp{w (n - 1) - u (n)}(j) (n) . (22) 

HMnoce a nyTTHHr ocpep upHCTpaHHT aT n = 

/K-1),«(0)) = 0. (23) 

Xom, to (pHHfl ajiji HHTerpaGjie uacec ohjim 6bi ycHHr Txe enyaTHOH ( |22| ) ? To 
txhc eHfl ht hc Heueccapbi to CTy^bi Txe flHCirpeTe cbiMMeTpnec ocp Txe enya- 
thoh anneapHHr yH,zi;ep Txe BIJ. ByT hoih, Txepe hc ho A aH^ me ape 

to cpHHfl coMe reHepajiH3aTHOH ocp Txe HHBOjiyTHOH A — ► h(X). Ht hc eBH^eHT 
TxaT Txe Tofla nanH hc HHBapnaHT yH^ep TpaHecpopM x <-> £, co Txe cpojuioiiniHr 
nanp ocp enyaTHOH 

^(n+l) = (AH(npW, (24) 
^ct (n) = -itf (n) ^ (n) - exp{w (n - 1) - it (n)}i/> (n) . (25) 

rHBec ajico a Jlani nanp to Txe To^a nanH. 

IIponocHTHOH, 0. Cynnoce TxaT Txepe eniHcn; cyn aH onepaTop M = 
aD\ + bD x + c TxaT (pop n = (pop aHbi cojiyTHOH ip ocp Txe enyaTHOH ( |25Q 
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Txe (pyHHTHOH = Mip hc a cojiyTHOH ocp fl22|) . TxeH Txe BIJ ([Z3]) Taxec OHe 
ocp Txe cpopMC Gejiom; 

1) e w( - 1) =0, 

2) u(-l) = 0, 

3) u(-l) = w(0), (26) 

4) u x (-l) = -^(O)e-^-^- 1 ). 

Txe u;oppecnoHflHHr onepaTop M hc pecneirrHBejibi ocp Txe cpopM 

1) M l = a e u D 2 x + (6 e u + a ^e u ) A,, 

2) M 2 = e u Z^ + Ux e u D x , 

3) M 3 = e u Z\, (27) 

4) M A = e u D 2 x + u x e u D x + e- u . 

mxepe clq, bo - apGnTpapbi HOHCTaHT napaivreTepc, aH^ u = u(0). HoTnne TxaT 
Txe onepaTop Mi hc a jiHHeap HOMGnHaTHOH ocp Txe onepaTopc aH^ M3. 

Ajiji ocp Txe uyTTHHr ocpcp hph,ii;hthohc a6oBe ape khoihh to 6e hohchc- 
TeHT ihhtx Txe HHTerpaGnjiHTbi. HHHTHaTefl 6 m txhc emaMnjie me cpopiviyjiaTe 
Txe flHcnpeTe HHBOjiyTHOH TecT (pop MyjiTH^HMeHCHOHaji enyaTHOHC. Tmp Jlain 
nanpc ihxhh ape hot ijoHHeijTefl 6bi aHbi HOHyraTHOH TpaHecpopMaTHOH, inoyjifl 
Genpivie npibyraTe acpTep HMnocHHr Txe BII,. 

Annjibi hold; Txe TecT to jiook (pop 6oyH,zi;apbi i^OHflHTHOHC to Txe KIT enya- 

THOH 

v T + v xxx - 6vv x = 3w y , (28) 

W x = Vy, 

a^MHTTHHr Txe Jlarn nanp 

0xx = i(f>y + V(f>, (29) 

(J) T = -4:(j) xxx + 6v(f) x + 3(v x + iw)(f). (30) 

Txe enyaTHOH (|28|) hc HHBapnaHT yH,zi;ep Txe naHre y — > —y, w — > —w aH^ 6bi 
txhc peacoH Txe cponjiomHHr cbictcm ocp enyaTHOHC hc ajico a Jlam nanp (pop 
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Txe KIT 



Ipxx = -itl>y + Vljj, (31) 

= -^ xxx + 6vip x + 3(v x - iw)ip. (32) 

IIponocHTHOH, [|5j]. Cynnoce TxaT Txepe eniHcn, a ,zrHCp(pepeHTHaji onepaTop 
M = aD 2 x + bD x + c cyn TxaT (pop y = (pop aHbi cojiyTHOH if; o(p Txe enyaTHOH 
(|30p Txe (pyHirrHOH ^e(pHHefl ac (f) = Mip hc a cojiyTHOH to (|32j). TxeH OHe o<p 
Txe cponjiomHHr enyaTHOHC xojiflc 

1) w\ y=0 = 0, 

2) (v x -iw)\ y=0 = : (33) 

3) (w r - 2v xxy + 6ra yya; + - 6vw x - 
—6iw 2 — l2cv y )\y=o = 0, 

mxepe c = c(x, r) hc a cojiyTHOH ocp Txe enyaTHOH c x = (— v x + |w;)| y= o. Txe 
upppecnoHflHHr onepaTop M hc ocp Txe cpopM 

1) M=l, 

2) M = D X , (34) 

3) M = L)2 + C> 

Hep OHe penjiauec ip <-> OHe ren, OHe Mope npHCTpaHHT 

4) K + H| y=0 = (35) 

HHTerpajic ocp mothoh 

To jiook (pop HHTerpajic ocp mothoh me mHjiji yce Txe TpeeH n^eHTHTHec 
iiixhh ape hh txhc nace ac cpojijiomc 

- Hx) = i^j-(<frl>) (36) 

aH/i, 

d d % 

— ((f) x ip - (fyipx) = 4—(i/j(j)y - ijjycf) - ~v<fnp + i(j> x ipx)> (37) 
Cynnoce TxaT eHreHCpyHirrnoHC ip aH^ (j) ape ^(pHHe^ ac cpojijiomc 

0(x, r, fc) = e- fc iH-*x-4*»r (1 + E . )} (38) 

i=i 



7>G 



^(x, 2/, r, fc) = e* fc ^ fc * +4fc '(1 + £ AT%) (39) 

i=i 

(pop k oo, aHfl caTHCCpbi Txe acbiMnTOTHH, penyHpeMeHii; 

^P^ik y—kx+Ak t ^p^—ik 2 y+kx~Ak 3 T ^ 

(pop x — » —(X) aH,n; (pop x — ► +00, pecneirrHBejibi, TxeH Txe cpyHHTHOH F(k) 

/oo 
(<f> x i/> - Ux - 2k)dy (40) 
-00 

hc a reHepaTHHr cpyHHTHOH ocp Txe upHcepBe,!]; nyaHTHTHec. Airryajijibi, 6bi 
ycHHr Txe TpeeH H^eHTHTHec fl35|), (|3T|) OHe ren, -§pF(k) = /f^ ^(^^ ~ 0^ - 
2/c)^ = /f^ ^(# y - ^ + - i<t>x4>x)dy = 0. 

EnyaTHOHC fl2T?l) -( |32[) aflMHn; OHe Mope TpeeH H^eHTHTbi 

i 

ihxhh ajuioinc OHe to (pHH,n; Txe reHepaTHHr cpyHHTHOH ocp HHTerpajic ocp mo- 
thoh (pop Txe HHHTnaji 6oyH,zi;apbi Bajiye npoGjieM oh Txe xajicp-njiaHe 

Hk) = L (<t>xi> ~ Hx ~ 2k)dy + i / - C7(fc))| lH) ds > (42) 

Xepe Txe HHTerpaH^ hh Txe cpnpcT HHTerpaji hc TaxeH aT (x,y,r,k), &e.r hh 
Txe ceupH,!!; - aT (s,0,r, k). Peajuibi, 6bi MeaHC ocp Txe H^eHTHTHec (|5fiQ, ([37]) , 
(|4Tp OHe reu, ^ = 0. TaKHHr Txe cpnpcT ijoecpcpHHHeHii; rHBec 



IIponocHTHOH, [0]. Txe KIT enyaTHOH oh Txe xajicp-njiaHe y > 0, — 00 < 
x < 00 ihhtx aHbi ocp BIJ (1331.1), (|331.2), ( |35Q npecepBec Txe eHeprbi 



J2 = / t> (x, y)dxdy = const 

JO J— 00 
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